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Notes 15
October 4, 2006

After all of this computation and calculation of probabilities, maybe it’s time to ask what it all means.

The Law of Large Numbers:  If we perform an experiment a “large number” of times, then the frequency of a given result and its probability will be roughly equal.

Now, there’s a mathematical statement that’s mostly hedging!  What is a “large number”?  What does “roughly equal” mean?  Both of these questions have answers but not in this class.

The point is, if we toss a single coin, probability says nothing concrete about the result.  It’s only if we toss that coin over and over, a “large number” of time, that probability becomes meaningful.

We can use probability as a decision tool for something we do often but not for something we do only once, or a few times.  For most of us, for example, the question of whether to buy a lottery ticket cannot be answered by probability.  We’re not going to play enough times for the law of large numbers to kick in.

Suppose we do play a game often enough for the law of large numbers to work.  How can we analyse the game to determine how to play it?  The answer is, we compute the games expected value.

 AUTONUM  \* Arabic   Example:  Suppose I have three nickels, five dimes and two quarters in my pocket.  If I take a random coin out of my pocket, what is the expected value of that coin?

The expected value is the average value, if I repeat the experiment lots of times.  Suppose I did it 1000 times.

· 
[image: image1.wmf]30

.

)

(

=

N

P

, so we would expect 30% of the coins to be nickels.  That would be 300 nickels worth 5 cents each, or a total of 1500 cents.
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, so we would expect 50% of the coins to be dimes.  That would be 500 dimes worth 10 cents each, or a total of 5000 cents.
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, so we would expect 20% of the coins to be quarters.  That would be 200 quarters worth 25 cents each, or a total of 5000 cents.

Add these together, and we would expect to get 11,500 cents in 1000 trials, or an average of 11.5 cents per trial.  This is the expected value of the experiment.

A simpler way to compute the expected value is:
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If a sample space can be partitioned into mutually exclusive events whose union is the whole space, and the consequences of each event valued, then the expected value of the game is the sum of the products of the probability of each event times its value.

Another way to write the formula, then, if we partition the sample space into disjoint mutually exclusive events 
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 with probabilities 
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 and payoffs 
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, is:
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 AUTONUM  \* Arabic   Problem:  Suppose we play a game – I flip a coin and you pay me $1 for a head, and I pay you $1 for a tail.  What’s the expected value?

This is called a fair game, because the expected value is zero.

 AUTONUM  \* Arabic   Problem:  Same game, except you pay me $1.50 for every head, and I pay you 50 cents for every tail.  What’s the expected value of this game?

When we talk about expected value, it’s a good idea to remember whose expected value we’re talking about.

Expected value can be a very useful tool for decision-making.  There are a few things we should note:

· You must include the costs as well as the benefits in your calculation.  Some values may be negative, and there may be a price to play.

· You must be able to value all the costs and benefits, and assign probabilities to them.

· The expected value is rarely achieved.  The expected value of the coin draw was 11.5 cents but there's no 11.5 cent coin.  But if we play the game a “large number” of times, the average of our winnings will be roughly equal to the expected value.

 AUTONUM  \* Arabic   Example:  Suppose we play a game.  We draw a card from a standard deck, and win $10 if it’s a face card, $100 if it’s the six of clubs.  What’s the expected value of this game?

What the probability of drawing a face card?  
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The expected value of the game is $4.23.  We’ll never win $4.23 but if we play enough times, our winnings will average $4.23.

Or will they?  We’ve included the benefits in our calculation – what about the costs?  Suppose it costs us $5.00 to play.  Then the payoffs are not $10 and $100 but $5 and $95, and we lose $5 on 39 of the cards.
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When we subtract the cost to play, we see a true expected value of -$.77.  (It usually simpler to compute the EV as we did the first time, and then subtract the cost to play from that figure.)

 AUTONUM  \* Arabic   Problem:  In this game, we pay a quarter to roll a single die, and lose $1, $2, $3 or $4 if we roll a 1, 2, 3 or 4, respectively, but win $5 for a 5 and $6 for a six.  What’s the expected value of the game?

 AUTONUM  \* Arabic   Problem:  If a test has 80 multiple-choice questions, each with four possible answers, and 20 true-false questions, what is the expected score from random guessing?

 AUTONUM  \* Arabic   Problem:  What’s the expected value of a lottery ticket?  What’s the quick way to answer this question?

The value of a lottery ticket is very little.  That doesn’t mean you shouldn’t play, but buying two tickets doesn’t double your chances to win – it doubles your chances to lose!

If you play any sort of casino game, is the expected value likely to be positive or negative?  Positive for the casino, because it’s a business and it needs to pay its bills and make a profit.  But if the casino’s expected value is positive, then the gambler’s expected value must be negative.  That’s why gamblers die broke.

Exercises

 AUTONUM  \* Arabic  
A lottery sells 1000 tickets at $1 each, and awards a prize of $500.  Assume the law of large numbers holds for small numbers as well.  How much will a player win or lose if he buys:

a) 1 ticket?

b) 10 tickets?

c) 50 tickets?

d) 200 tickets?

 AUTONUM  \* Arabic  
A lottery has a first prize of $1,000,000, five second prizes of $10,000 each, and 25 third prizes of $100 each.  If 2,000,000 tickets are sold at $1 each, what is the expected value of a single ticket?

 AUTONUM  \* Arabic  
If we roll two dice, what is the expected value of:

a.
the difference of the two dice, subtracting the smaller from the larger.

b.
the larger of the two numbers.

 AUTONUM  \* Arabic  
In this game, we pay a dollar to play and choose “over”, “under” or “match”, winning $2 if the roll of two dice is over seven, $2 if under seven, or $5 if exactly seven, respectively.

a.
What is the expected value of an “over” bet?

b.
What is the expected value of an “under” bet?

c.
What is the expected value of a “match” bet?

d.
Is this a fair game?

 AUTONUM  \* Arabic  
If a test has 45 multiple-choice questions, each with three possible answers, 25 multiple-choice questions, each with five possible answers, and 20 true-false questions, what is the expected score from random guessing?

 AUTONUM  \* Arabic  
Let’s play a game.  You roll a single die, and if you roll a 1, 3 or 5, then I will pay you $4 and the game is over.  Otherwise, you roll again.  If you roll a 2 or 4, then I will pay you $2 and the game is over.  Otherwise, you roll a third time.  If you roll a 6, I will pay you $1, but in all other cases you pay me $10.  What’s the expected value to you of this game?
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