NH, WWW MATHEMATICSWEB.ORG

e JOURNAL OF
m POWERED BY SCIENCE @DIRECT' COMPUTATIONALAND
APPLIED MATHEMATICS

ELSEVIER Journal of Computational and Applied Mathematics 155 (2003) 91109

www.elsevier.com/locate/cam

Construction of wavelets and prewavelets over triangulations

Doug Hardin, Don Hong*

Department of Mathematics, Vanderbilt University, Nashville, TN 37240-0001, USA

Abstract

Constructions of wavelets and prewavelets over triangulations with an emphasis of the continuous piecewise
polynomial setting are discussed. Some recent results on piecewise linear prewavelets and orthogonal wavelets
are presented.
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1. Introduction

In recent years, multiresolution analysis has been intensively studied and has found applications
in number of areas including in signal processing and image compression, computer graphics, and
numerical solutions of differential and integral equations. Basically speaking, a multiresolution is a
decomposition of a function space into mutually orthogonal subspaces, each of which is endowed with
a basis. The basis functions of each subspace are called wavelets if they are mutually orthogonal and
prewavelets otherwise. The subspaces are called wavelet spaces and prewavelet spaces accordingly.

While the construction of univariate wavelets is well understood, however, most of real world ap-
plications are multivariate or multiparameter in nature. The construction of multivariate wavelets are
much more challenging. In fact, even the case of continuous piecewise linear wavelets construction
is unexpectedly complicated, see [5—11,17,20] and the references therein. Because of the simplicity
in computing with the linear splines and the importance of the orthogonal space decomposition in
many applications, we emphasize the construction of piecewise linear wavelets and prewavelets in
this paper.

The piecewise linear element is one of the most important and useful elements in solving boundary
value problems. Piecewise linear prewavelets with small support have been constructed in [17,20,8—
11]. The basis in [17] is over an infinite extended type-1 triangulation, taking advantage of dilation
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and translation over a uniform mesh. The piecewise linear wavelets have 10 nonzero coefficients in
the mask, which are minimal support. In [14], a characterization of minimum support piecewise lin-
ear prewavelets with only 10 nonzero coefficients in the mask is given on a bounded domain with a
type-1 triangulation. A construction of wavelets over arbitrary triangulations is presented in [20] and
the wavelets have 23 nonzero coefficients in the mask. This construction is also applicable in higher
dimensions. In [9], piecewise linear wavelets over a general triangulation of a bounded domain were
constructed under an unusual requirement that the degree of vertices of the triangulation is at most 21.
Later, the same authors presented a so-called semi-prewavelet scheme in [8] and constructed piece-
wise linear wavelets on a bounded type-1 triangulation with 13 nonzero coefficients in the mask. In
[10], the restriction on the degree of vertices over an arbitrary triangulation is removed by applying
the semi-wavelet approach and using a positive definite matrix. Piecewise linear prewavelets over a
type-2 triangulation are constructed in [11] uniquely in the sense that the prewavelets are sum pairs
of so-called semi-prewavelets.

On the orthogonal wavelets construction, continuous piecewise linear orthogonal scaling functions
are constructed in [6] over type-1 and type-2 triangulations. The corresponding wavelets were first
constructed in [4] and can also be found in [7].

In this paper, we present some most recent progress on the construction of continuous piecewise
linear prewavelets and orthogonal wavelets over triangulations. On prewavelets construction, we
construct piecewise linear prewavelets over a bounded domain with the type-2 triangulation by
investigating the orthogonal conditions directly and obtain parameterized prewavelets. Conditions on
the parameters for prewavelet basis are also given. On orthogonal wavelet construction, we provide
a new “macroelement” construction of the orthogonal scaling functions from [6] using a technique
developed in [13]. The paper is organized as follows. Preliminaries are introduced in Section 2. In
Section 3, we construct the parameterized wavelets over type-2 triangulations. In the last section,
we discuss orthogonal piecewise linear wavelets over triangulations.

2. Preliminaries

Let 4 ={t1y,72,...,T;} be a set of triangles and let Q = Uf‘il 7; be their union.

Definition 1. 4 is a triangulation of Q if (i) t;Nt; is at most a common vertex or a common edge
for i # j, (i) the number of boundary edges incident on a boundary vertex is two, and (ii) Q is
simply connected.

If Q is a rectangle, say Q=[0,m] x [0,n], and 4 is formed by grids x=4k, k=0,...,m, y=/¢, /=
0,...,n, and one set of parallel diagonals, say, y —x=—m+1,...,n — 1, then 4 is called a type-1
triangulation, denoted by A", If 4 is formed by adding both sets of diagonals, then it is called a
type-2 triangulation, denoted by 4®). In order to simplify the discussion we assume m,n > 1.

We denote by V' the set of all vertices v of triangles in 4 and by E the set of all edges e =[v, w]
of triangles in A. For a vertex v €V, the set of neighbors of v in V is V,={weV; [v,w]€E}.

As usual, let S(4) denote the spline space consisting of C" pp (:= piecewise polynomial)
functions of total degree at most d over the triangulation 4.
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Suppose next that A4 is a triangulation. Given data values f, € R for v€V, there is a unique
function f: SY(A4) which linearly interpolates the data: f(v) = f,, v€ V. Clearly, the linear space
S%(4) has dimension |V|.

For each ve V, let ¢,: Q2 — R be the unique ‘hat’ or nodal function in S := SY(4) satisfying the
interpolation conditions: ¢,(w) = J,,, where

1, w=u,
5vw = .
0 otherwise.

The set of functions @ = {¢,},cp is a basis for the space S and for any function f €S,
S = f(0)h(x), xe€Q. (2.1)
veV

The support of ¢, is the union of all triangles which contain v:

For a given triangulation A°(:= 4) = {71,72,...,7s}, a refinement triangulation of 4, denoted by
A(A) is a triangulation such that every triangle in 4 is a union of some triangles in %2(4). Obviously,
there are various kinds of refinements. In this paper, we only consider the following uniform or
dyadic refinement: For a given triangle t = [x,x2,x3], let y; = (x2 + x3)/2, y2 = (x1 + x3)/2, and
y3 = (x1 + x2)/2 denote the midpoints of its edges. The set of four triangles

R(t) = {[xl, v2, 31, [y, x2, 31, [v1, v, 531, [v1, v2, ys]}

forms a refinement of the coarse triangle 7. The set of triangles A' := R(A)=,c, (1) is evidently
a triangulation and a refinement of A. Let 4/ := #/(A) = R(#'~'(A)) for j > 1. Then, it forms a
sequence of refinements of the triangulation 4: 4/, j=0,1,... .

In order to discuss some properties of 4/ in relation to 477!, let '/ be the set of vertices in 4/,
and define £/, ¢), V!, and Q) accordingly. A straightforward calculation shows that

. . 1 . .
S =0l D dl. verh 22)
wel/
For S =S0(4), let S/ = SY(4’). Then we obtain a nested sequence of spaces:
stcstcstc--

such that | >0 S/ is dense in L?(L2). We call the sequence {S’ 2o of nested spaces a multiresolution
approximation.
For the nested vector spaces:

Stcs'csc.--cSc-- = IAHQ),
let W/ denote the orthogonal complement of the S/ in the space S/*!, that is,

S =8 @ w.
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Then W/ can be used to represent the parts of functions in S/™! that cannot be represented in the
space S/. We can call W/ the correcting space. Using j-step corrections, we have

S =S tow = oW tegw/ 1=...
=Steowleow' e . .ow

Suppose ‘P:{w,/}/@ forms a basis of W/. If ¥ is an orthonormal basis of W/, then the elements
Y, of ¥ are called wavelets, otherwise, they are called prewavelets.

3. Piecewise linear prewavelets over type-2 triangulations

Piecewise linear prewavelets over a type-2 triangulation are constructed in [11] uniquely in terms
of sum pairs of semi-prewavelets. In this section, we construct piecewise linear prewavelets over
a type-2 triangulation by investigating the orthogonal conditions directly and obtain parameterized
prewavelets. We also provide conditions on the parameters for prewavelet basis.

It is clear that if A° is a type-2 triangulation, then its refinement A' = #(4) again is a type-2
triangulation and so is 4/ for any positive integer j. For S = S%(4®)), let W° be the orthogonal
complement space of S° in S', that is, S' =S° @ WO, Similarly, if we define the wavelet space W/
to be the orthogonal complement of S/ in S/*! at every refinement level j, that is

S/t — g/ oy Wj,
then we obtain the decomposition
Si:SO@WOEBWI@"'EBWk_I,

for any j > 1. We would like to obtain a basis of functions with small support for the purpose of
conveniently representing the decomposition of a given function f/*! in §/*! into its two unique
components f/ €S/ and ¢/ € W/: f/*!= f/ @ ¢/. Note that the basis elements of any W* can simply
obtain from the basis of W° using a dilation operator, we can restrict our study only to W°.

The dimension of W° is |V'!| — |V°| = |E°| which is equal to the number of midpoints added to
V0 to form V!, Let us simply associate a wavelet i, in W° with each vertex u in V''\V? and derive
a general sufficient condition for the set ¥ = {lﬁu}ueyl\yo to constitute a basis of W0 .

As an element in S', the function ¥, can be written as a linear combination of the basis function
namely

V() = D quupr(x), (3.1)

wer!

1

w?o

where, the coefficients of , are g, = ¥, (w), we V', The set of nonzero coefficients in (3.1) is
called the mask of 1,. Our aim is to construct a basis of W° with a small number of coefficients in
the mask for each basis element, or equivalently, with a small support of each basis function.

A sufficient condition on these coefficients for ¥ to form a basis of W° can be derived by
evaluating the ), at the vertices in VI\VO. Let uy,...,u,, n= \Eol, be any ordering of the vertices
in ¥'\V°. Since any element of S has a unique representation, we see that the element , of S!
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belongs to WY if and only if
(@) =D (@ bo)guu=0, veEV’. (32)

wey!

Then it is easy to prove the following (see [8]).

Theorem 2. A set ¥ of functions {\,,...,\,} in W° is a basis of W° if the matrix O = (qu.u,)i;
is nonsingular.

To construct a small support basis, we follow the idea presented in [9], for a ‘new’ vertex
ue VI\VO, we try to construct a nontrivial wavelet 1, € W° associated with the vertex u, whose
support is around u, i.e., it has the form

V()= D quudi(x), (3.3)

WEV (1)

where V(u) C V! is a small set of vertices of A' which are near to u.

In [11], the authors introduced a so-called semi-wavelets approach to seek prewavelets for the
space W° in terms of sum pairs of elements 0y and oy, (called semi-wavelets) of S which have
small support and are close to being in the wavelet space W, in the sense that they are orthogonal
to all but two of the nodal functions in the coarse space, where u is the midpoint of the edge
[v1,v2]. Depending on the locations of vy, either v; = (i + 1/2,j + 1/2) or v; = (i,), there are three
interior semi-wavelets that generate two interior prewavelets y, in the sense that v; and v, are both
interior vertices of 4% up to rotation and symmetries. Similarly, there are three edge prewavelets i,
for which one of v; and v, is an interior vertex while the other one lies on the boundary but not
the corner. The remaining two prewavelets are corner prewavelets. Requiring the prewavelets being
the sum pairs of semi-wavelets, it has been shown in [11] that those seven kinds of prewavelets are
uniquely determined. For the second kind of interior prewavelets, there are 13 nonzero coefficients
in the masks.

We take the same structures of V' (u) as described in [11] and try to construct prewavelets with
fewer coeflicients in the masks. It turns out that we obtain parameterized prewavelets. For the second
kind of interior prewavelets, we have only 11 nonzero coefficients in the masks. In the following,
we construct only two interior parameterized prewavelets and provide expressions of three edge
prewavelets, and two corner prewavelets.

We label the vertices of V' (u) as in Fig. 1. Let /*! € WO be the prewavelet associated with vertex
u having the following expression:

lﬂf’l = a(f); + blﬁb} + bng; + b3¢é + b4¢411 + bsﬁb; + b6¢é + b7¢; + b8¢21§
+boy + biodly + bridiy + bradiy + bi3dls + bradiy + bisdis + bisdls

where a and b;, i=1,...,16 are determined by using the orthogonality conditions: (g, ¢§1’_) =0, i=
1,...,12 and {(6,,$?%) =0, (a,,¢};) =0. We obtain the following system of equations:

M1x1 = 0, (34)
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Fig. 1. Support of the first interior prewavelet.

where

4 1 6 4 0 0 0 O 0 O O O O 1 0 4 67

o 1 1 12 1 0 0 O 0O O O O O O 0 O

0o 1.0 4 6 4 0 0 00 O O O 0 0 0 O

o 1 0 o0 1 12 1 0 00 O O O O 0 0 O

o 1.0 0 O 4 6 4 00 0 O O 0 0 0 O

o 1 0 0 0 0 1 12 1 0 0 O O 0 O 0

4 1 0 0 0 O O 4 6 6 4 0 0 1 0 0 O

M= o 0 0 0 06 00 0 01121 0 1 0 0 O

o 0 0 0 06 0 0 0O 0O 4 6 4 1 0 0 O

o 0 0 0 06 00 060 O O0 1 122 1 1 0 O

o 0 0 0 06 0O 0O OO O O O 4 1 6 4 0

o 0 0 0 0 0 06 0 00 0 O0 O 1 1 121

12 24 8 12 8 12 8 12 8 1 0 O O 1 O O 1
|2 1 1 0 0 O O O 1 8 12 8 12 24 8 12 8]

and X1 = [a,bl,. . .,b16]T.
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Fig. 2. Support of the second interior prewavelet.

We solve the equations system M;x; =0 by letting bj4 =0, b;; =0, bg=0, and by =0 and obtain
that

X1 = [38f1, —12t;,—124,2t,,0,¢,,0,2t;, —12¢1, —12¢1,2¢1,0, £, —1211,0,2[1,—12t1]T

for a parameter #; # 0. Therefore, the first interior prewavelet %! € W have the following expres-
sion:

YOl =384¢) — 126191 — 12013 + 261 0) + 1L + 281 p) — 124198 — 121194

+ 201 + hiry, — 12015 + 20d1s — 1261 ¢,
where ¢!, i=u,1,...,16 are nodal basis functions in S’

Indexing the vertices of V() as in Fig. 2, we assume that the second interior prewavelet associated
with u has the following expression:

Vit =bi + ad, + badi + bsds + bed
+b1¢7 + bsbg + bopg + brodrg + by + biais,
where ¢/, i =u,1,...,12 are nodal basis functions in S'. By the orthogonal conditions, (¢p, ¢p)

=0, i=1,..,8 and (¢, ¢9) =0, (¢°,¢Y) =0, we obtain the following system of linear
equations:

MzXz = 0, (35)
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where
24 12 8 12 8 12 8 12 8 1 3 0 17
1 12 1. 0 0 0 0 O 1 8 3 1 0
1 4 6 4 0 0 0 O 0 6 20 6 6
1 0 1 121 0 0 O O 0 3 1 8
1 0 0 4 6 4 0 0 0 O0 0 0O
M, =
!l 0 0 0O 1 121 0 0 0 0 0 O
1 0 0 0 0 4 6 4 0 0 0 0 O
1 0 0 0 0 0 1 12 1 0 0O O O
1 4 0 0 0 0 O 4 6 0 0O 0 O
Lo 0 0 0 0 0 0 0 0 1 3 8 1]
and x, = [by,a, by, bs, bg, b7, bg, b, b1o, b1y, b12] .
We solve (3.5) and obtain the following solutions:
bi=—150, a=20, b=t bs=0n, bs=1t, b=0

bs="1n, bo=0, bo=-14n, by=5n, bp=b,

where #, is a nonzero arbitrary real number.

This second interior prewavelet only has 11 nonzero coefficients in the mask.

Corresponding to Figs. 3-5, three edge prewavelets and two corner prewavelets, respectively, are
given as follows.

The first edge prewavelet is

Yo =agy + b} + bagpy + b3y + bad + bsi + beg + bry + bsy + boy + bodi,
=38t30) — 12601 — 12630 + 26303 + 33 + — 128304 + 13007 + 21309 — 128561,

where t; # 0 and the vertices are labeled as in Fig. 3a.
The second edge prewavelet is

Yot =agh + bid) + baph + bydy + bagl + bsds + b + brpy
=124, — Ztap) + 2 tap) + 21} + Stachy + taps — 2 tap + 2 139,

where #; # 0 and the vertices are labeled as in Fig. 3b.
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(b)

Fig. 3. Support of first and second edge prewavelets.

ANVAN

Fig. 4. Support of the third edge prewavelet.

The third edge prewavelet has a support shown in Fig. 4 and is given by
Vi’ =ad, + bidl + bady + b3l + bapl + bsds + b + by + by + boghs
+bidio + budyy + budi, + bisdis
=39t5¢h, — 2415y + dtspy — 12653 — 1215y + dtsps — 12150 + 2157 + t5bg
+ 2501, — 12651, — 121515,

for a parameter #5 # 0.

99
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Fig. 5. Support of corner prewavelets.

The support of the remaining two corner prewavelets are shown in Fig. 5 and they have the
following expressions:

YOS =agl + b1l + byl + byl + byl + bsph + bl + bk + bspl
=39, — 24151 — 12t03 + Atspy — 12t} — 12465 + Loy + 2t6 g

and
WO  =adl + bid] + by + b3d + bady + bsl + beg + by
=206) — 2410 + 100} — 611 + 21700 + 17}

for parameter #,#; # 0.

All prewavelets in W° can be obtained by rotating or reflecting these seven prewavelets. In
particular, setting t; =1, =2, 5 =1, t, =2, and t; =4, we obtain the corresponding prewavelets
described in [11].

By showing the corresponding matrix Q is diagonal dominant, we obtain the following theorem
which provides sufficient conditions on the parameters #, k = 1,...,7 to ensure that the set of
prewavelets ¥ = {1, },cy1\yo obtained by using symmetries and rotations from ol L =1,...,7
becomes a basis of the wavelet space WP,

Theorem 3. The set ¥ = {Yy },cyn\yo is a basis of WO if the parameters t; # 0, £ =1,...,7 satisfy
the following:

Sslt| < 6| < min{7|11,5[t] — 6|t6|}

o (36| + 12|63] + 12]55]) < |ta] < min(3(18]t5] — 4]zs]),

3(39]ts| — 4] — Sl1| - 2lea], 235ts| — 4les| — Slas] ).

Remark 1. Working with triangulations of arbitrary topology for applications in computer graphics,
the approach taken by Lounsbery et al. [18] is based on the use of subdivision schemes to first
consider piecewise linear prewavelets with global support. They subsequently truncate them to a small
region, and thus producing functions that are no longer elements of the orthogonal complementary
wavelet space.
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Remark 2. The construction of prewavelet systems in the general framework of multiresolution
analysis generated by the shifts and dilates of a refinable function, in particular, by box splines, has
been extensively studied in [1,16,19]. The theory developed by Jia and Micchelli [16] leads in the
piecewise linear case to examples of prewavelets with 69 nonzero coefficients in the masks.

Remark 3. Multiresolution approximation using C! quadratic splines is studied based on Powell-
Sabin 6-split in [3]. Very recently, a hierarchical basis for C! cubic bivariate splines is used for
surface compression in [15].

Remark 4. Biorthogonal piecewise linear elements can be found in [2].

4. Piecewise linear orthogonal wavelets

Two examples of piecewise linear orthogonal continuous scaling functions on triangulations were
constructed in [6], one example on a regular type-1 triangulation and the other on a regular type-2
triangulation. The wavelets were constructed in [4]. Both the scaling functions and the wavelets are
compactly supported. In this section we review the construction of the type-1 triangulation scaling
functions of [6] by first constructing an orthogonal, refinable “macroelement” A (see [13] for more
on constructing refinable macroelements) which may be naturally adapted to an arbitrary triangulation
A to get a space S(4, ). In the case that 4 is a regular type-1 triangulation of R?, then we retrieve
the scaling vector of [6]. The calculations in this section were all done with the aid of the computer
algebra system Mathematica. See [12] for a package used to aid with these calculations.

Let (4/);>¢ denote the “semi-regular” refinement scheme 4/*' = 2(4/) with 4° = 4 and let
S/ = 8(4,A) for j=0,1,... . Then S/ C §/*!, j >0, and the sequence of spaces (S/);>¢ forms a
multiresolution of L*(2). Here we restrict our discussion to the construction of A and to the space
S(4, ). See [13] for a procedure for finding local orthogonal bases (that is, the wavelets) for the
spaces W/ := S/t o S/,

Let 19=(0,0), u;=(1,0), and u,=(1/2,+/3/2) and let t° denote the equilateral triangle [u0, u1, u>].
We recast the construction of the orthogonal piecewise linear scaling vector given in [6] in terms of
a macroelement of orthogonal piecewise linear functions on t°. These functions will then be pieced
together to construct an orthogonal basis for Vy(4) for a given arbitrary triangulation A.

4.1. C° symmetric macroelements on t°

Let A°={<"} and recursively define 4/ =2(A’) for j=0,1,2,... . The spline spaces S/ =SY(4/)
form a multiresolution of Ly(t). For j =0,1,2,... and a vertex ve V7 := V(4/), let ¢}:R2 — R
denote the piecewise linear function on the triangulation on A’ taking the value 1 at v and 0 for all
other vertices v/ € V/. Let C(1°) denote the collection of continuous real-valued functions on 7°. If

f is a function on a set 4 and B C 4 we let f|z denote the restriction of f to B and, for collection
of functions F defined on 4, we let

fls:={fls: fEF}

denote the collection of restrictions of the elements of F to B.
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If A C C(z°) we partition A into the following seven subsets:
A" = (A€ A: Mg =0},

A :={l€A: J|o =0 for € €E(x°) and & #eN\A”, (e€E(1")),

A ={le A A

=0\ 47U |J 4. @erE"),

e€E(")

where e, denotes the edge of 1° not containing v.

Let ry denote the rotation taking uy — u;, u; — up, and up — up and let »; denote the reflection
taking ug — uy, u; — ug, and u» — u,. For a set of functions 4 C C(7°) and a continuous function
r:t? — 10 let

Aor:={lor AeA} C C>").

Definition 4 (C° symmetric macroelement). We call a finite collection of functions A={/y,...,4,},
2 €C(1%), a C° symmetric macroelement (or just macroelement) if

(a) for each 2€ /4 and i =0, 1, there is some ¢ € {—1,+1} such that edor, € 4,

(b) A" = {2"} where 1" € A is symmetric about the line from v to the midpoint of the edge e,
opposite v, that is, if r is the reflection about this line, then A, o » = 4, and 4™ o ry = A" for
vE E(1Y),

(c) A opy= A¢ for ec E(1°), and

(d) A¢|, is linearly independent for e € E(z%).

Suppose A is a C° symmetric macroelement. We say A is an orthogonal macroelement if A is
an orthonormal set, that is, if (A, A') =9, for 4,1/ € A.
Further suppose 4 is a triangulation. The space S(4,A) is defined by

S(4,A4) :=span{low;: 1€ 4, L€ A}NC(R?)

where for each 1€ 4, w,:R*> — R? denotes one of the six possible affine mappings such that
w.(1) =1
We say that a macroelement A is refinable if S(A°, A) C S(4', 7).

Remark 5. See [13] for a more detailed development of wavelet constructions based on macroele-
ments. Condition (d) implies that A" consists of a single function A’ whose restriction to the boundary
of 1% is in I1; and is such that 2°(v') = §,,, for v,v' € V(z%).

Remark 6. The symmetry properties of a C° symmetric macroelement imply that S(4, A) is inde-
pendent of the choice of the affine mapping w, for each 7 € 4.

Remark 7. If A is refinable then it follows that S(4,A4) C S(A, #(A)) for any triangulation A4.



D. Hardin, D. Hong!Journal of Computational and Applied Mathematics 155 (2003) 91—109 103

Let 4 be an arbitrary triangulation in R?> with Q = U.cs - We next construct a local basis of
functions for the space S(4,A4) for an arbitrary triangulation 4. The basis functions are of three
types: triangle functions supported on individual triangles 7 € 4, edge functions supported on the
union of the triangles containing an edge e € E(A4) (there are either one or two such triangles) and
vertex functions supported on the star of a vertex ve V' (4) (the star of a vertex v is the union of
the triangles containing v).

First, for t€ 4, let

A" :={low,: ZEATO}.

Second, we define basis functions associated with each edge e € E(A). If e is a boundary edge,
let T denote the single triangle in A containing e and then let

A% = {low;: (€A™},

If e E(4) is an interior edge, let 7, and 7, denote the two triangles in 4 containing e. Let e,=w,,(e)
and e, = w,,(e). Then e, and e, are edges of 1°. Let s be the affine mapping such that s(z°) = °
and such that s o w,,|, = w,|.. For { € A% then there is some

Cowra(x) (XE‘Ea),
Ag(x) = (osomy(x) (x€71), and
0 otherwise

and
A = {/IE: e A%}

Note that if the labels of the triangles 7, and 7, are switched, then we at most introduce a change
of sign in the definition of A¢.
Finally, if v€ V' (4), let

I 22 W o @, for te A with ver,
- 0 otherwise.

One may verify using properties that A%, A°, and A" are well defined and in S(4,A4) where
t1€d, ecE(A), veV(A). Let T 4,:= AUV (A4)UE(A). As we verify in [13], the above functions
form a local basis of S(4, A):

Lemma 5. Suppose A is a C° symmetric macroelement. Then User, A? forms a basis for S(4, A).

4.2. A piecewise linear orthogonal macroelement

We start with a macroelement

0 0 0 0 1 1 1
A= (d)uo’ up> Puy> ¢(uo+u1 )22 ¢(uo+u2)/2’ ¢(u1+uz)/2)'
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Fig. 6. The components y;, y2 and y3 of the piecewise linear orthogonal macroelement I'. Note y2 =7 0ry and y3 =72 0rg.

Then SY(A4')=5(4°, A°)=span A°. Let A' =AU (¢%2u0+u1+u2)/4’ ¢%u0+2u1+u2)/4’ ¢(2u0+u1+u2)/4) (with the
implied ordering). Then A! satisfies

S(4°, 4% € S(4°, A"y € S(4', 4%)
from which it follows that A' is refinable.
We proceed to construct an orthogonal macroelement I' such that
S(A°% A" c S(A°% Ty C S(4', 4"

from which it follows that I" is refinable and that the components of I are in S&(Az), that is, the
components are continuous (when restricted to t°) and piecewise linear on the triangulation 4%. The
construction hinges on finding two functions u and v in S(4', A") satisfying certain conditions that
make the construction of an orthogonal macroelement possible.

The first step in constructing I” is to choose an orthonormal basis for the three-dimensional space

137 2 2 2
span(A° )" = Span(Piay, yu; us)/a> Pluy 21 +u2)/4> Pt 124

of the form (y1,7y1 org, 1 org) where y; =y, or;. Then y; must be of the form y, :a¢€2uo+ul+u2)/4 +

ﬁ¢(2u0+2u1+u2)/4 + ﬁd)%uo tuit2wya for some constants o and f. The conditions (y1,72 0 o) = 0 and
(y1,71) =1 are equivalent to the equations

W+ 140 +96°=0
302 4 2af + 7% = 64V/3.

Choosing the most ‘localized’ (the solution with the largest |«| and smallest |$|) of the 4 distinct
solutions for o and f gives o = 373*(4 + 16,/2/5) and f = 37344 — 8,/2/5). Fig. 6 shows the
resulting ;.

4.2.1. The function p =y,

Next we find u€5(4', A") such that u vanishes on 04 =0, p is symmetric (that is, por = u for
any isometry r leaving A° invariant), u is orthogonal to y; (and therefore u is also orthogonal to 7},
and y; by symmetry) and such that

(I — P (A L (A Uy
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for e # ¢ € E(1°) and v the vertex of t° opposite of e where P, denotes the orthogonal projection
onto the subspace spanned by u.

The symmetry of p implies that u must lie in a subspace of S(4',4') spanned by the four
functions

Hi = ¢?6uo+u1+u2)/8 + ¢?u0+6u1+u2)/8 + ¢?uo+u1+6u2)/8
Mo = ¢?5u()+2u1+u2)/8 + ¢?Suo+u1+2u2)/8 + d)(32uo+5u1+uz)/8

+ ¢?2uo+u1+5u2)/8 + d)guo+5u1+2uz)/8 + ¢?uo+2u1+5uz)/8
M3 = ¢g2uo+3u1+3uz)/8 + ¢?3u0+2u|+3u2)/8 + ¢?3uo+3u1+2uz)/8

2 2 2
14 = Duysuy +usy/a + Plugr2u11un)a T gt +2ur)/4
Expanding yu in the above basis, we write

4
K= Z o ;-
i=1
The condition that (u,y;) =0 is equivalent to

o + 10062 + 110(3 + 320(4 =0.
By symmetry, the condition (I — P,)(A')¢ L (A')¢ for e # ¢’ € E(z°) is equivalent to the condition
(I = P)BGss v y2> Ply 1uny2) = 0 which is equivalent to finding nonzero u such that
<¢(2u0+u1 )/2° /“L> <‘us ¢%u|+u2 )/2>
)
which is equivalent (for ay,...,04 not all zero) to the equation

—5(370u + 340y — 2503)* + 192(30 + 201100 + T3 + 403

2 2
(Dl tuny2> Pl tunyj2) =

+ (o + 100 + 11o3)o4 4 1603) = 0.

The final condition that (I — P,)(A')® L (A')" (where v is the vertex opposite the edge e) is
equivalent, by symmetry, to the condition ((I — P,)${,, 142> Py) = 0 which is equivalent to

—11030F — 217200ty — 57205 + 1430003 + 1260013013
— 11903 + 64010 + 6400304 + 70403014 + 102403 = 0.

Solving the above three equations together with the normalization condition (u, ) =1 gives four
distinct real solutions, among which we choose

2V/179
38T — 16401/17)14

. (8(—81+7m) —32(14 + V/17) 8(—137 4 3v/17) 1)

(OC], 0, A3, OC4) =

537 537 537

We let y4 = u. Fig. 7 shows u for the above choice of (u, o, 03, 04).
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Fig. 7. The component y4 = p of the piecewise linear orthogonal macroelement I'.

The function y, = p is the last of the ‘triangle’ components of I, that is,

TO
I ={y1,72,73.74 = u}.
We next define ys € 'l by

4
s = a(l — Prfo )¢(1u0+u1 y2 =4 <¢(1u0+u1)/2 o Z <¢guo+u1 )/2%)%)

i=1

where a is chosen so that [|ys|| = 1. Furthermore, let y¢ := y5 o ry, and y7 := 96 0 rp. Then from the
construction of u it follows that {yy,...,77} is an orthonormal set and, furthermore, ys L (;522 (and,
by symmetry, we also have ys L (;520 and y; L (;’)20).

4.2.2. The function v=yg

We next find a function v € S(4', A') that will be the second component of I'“*1]. We require that
(a) v is antisymmetric about with respect to the reflection 7, leaving t° and e = [ug,u;] invariant,
(b) v is orthogonal to y;, 7., and y3, or equivalently, v L I ' Since v is orthogonal to y4 by
symmetry, (c) v is orthogonal to ys (and, hence also y;) (d) v is orthogonal to v o ry, and (e)
(I - Pspan{v,ys})¢20 1 ¢21

First, the antisymmetry of v S(4', A') implies that v is in a seven dimensional space spanned
by the functions

42 2 e 42 3

Vi = ¢(3uo+u1)/4 - ¢(u0+3u1)/4 Vs 1= ¢(2u0+u1+u2)/4 - ¢(u0+2u1+u2)/4
13 3 e 43 3

V2 1= ¢(6uo+u1+u2)/8 - ¢(uo+6u1+uz)/8 Ve = ¢(3u0+2u1+3u2)/8 - ¢(2uo+3u1+3uz)/8
43 3 e 43 3

V3 = ¢(5uo+2u1+u2)/8 ¢(2u0+5u1+u2)/8 V7 = ¢(2uo+u1+5u2)/8 ¢(u0+2u1+5u2)/8

e 43 43
V4 1= ¢(5uo+u1+2uz)/8 ¢(u0+5u1+2u2)/8
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Fig. 8. The component ys = v of the piecewise linear orthogonal macroelement I'.

Expanding v in terms of vy,...,v; we write

7
V= Z ﬂivi.
i=1

By symmetry, condition (b) reduces to v to the single linear equation
AB1 4 P2+ 5(B3 + Pa +4Ps) +4Ps =0
and the condition (c) reduces to
4By + 118, — 585 + 104 — Bs + 1587 =0.

Condition (d) then reduces to the nonlinear equation

0=4B7 + 108182 + 63 + 21 B3 + 2P2Ps + B3 + 108184 + 22 Ba + 1234 + B3 + 81 Bs

+2B2PBs + 103 s + 10B4Ps + 2085 + 8BsBs + 585 — 8B1B7 — 108387 + 10B4f5

and condition (e) reduces to the nonlinear equation
0=4416f7 + 924881 B2 + 236185 — 112081 B3 + 1270825 — 21755 + 496081 B4 + 3340, B4
+ 100834 — 150083 — 32008, s — 800,85 — 40003 fs — 400045 — 800052

— 1728, Bs — 1242, s — 270B3 s — 54084 s — 320085 — 191982 + 28808, 5

420708, 7 4 4508387 + 900847 — 270Bsf7 — 177563.
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Solving these equations numerically we find the numerical solution giving v with ||v|| = I:

p1 = 4.012855924 f2 = 3.926833442 p3 = 13.579612984
s = —0.5558588712 fs = —4.633021348 fs = 1.8908498152
p7 = 1.0733941264

The resulting v is shown in Fig. 8 and we set y3 = v, y9 =7y o rg, and 19 = Y9 0 ry.
Finally, we define y;; =/ —Pspan{y],.__,,,,m})¢2o, Y12 =711 ©Fo, and 13 =712 org. Then it follows that

I'={y1,...,713} is an orthogonal macroelement with I'" ={y;: i=1,...,4}, Il={y;: i=5 . 10},
and I = {)}11}.
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