
Chapter 2  Determinants

2.1  Determinants by Cofactor Expansion

    If  is a square matrix, then (the of entry ) is defined to be theì E Q +34 34 minor 
determinant of the submatrix that remains after the th row and th column are deleted3 4
from .  Furthermore, (the  of entry ) is given by E G + G œ Ð  "Ñ Q Þ34 34 34 34
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Example. For  in the previous example, and using cofactor expansion along the first row, weE
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  If  is an invertible matrix, thenì E
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   The determinant of a triangular matrix is the product of the main diagonal entries.ì
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  .  If  is a system of  linear equations in  unknowns such thatì E œ 8 8Cramer's Rule B ,
det , then the system has a unique solution given byÐEÑ Á !
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where  is the matrix obtained by replacing the entries in the th column of  by theE 4 E4

entries in column vector ,Þ

Example.  Use Cramer's rule to solve the system                 3  B  #C œ "#
                . B %C œ )

which is  in matrix form.
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2.2  Evaluating Determinants by Row Reduction

   If  has a row (or column) of zeros, then det( ) 0.ì E E œ
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(since cofactor expansion along the first row of  is the same as cofactorE
expansion along the first column of E ÑX
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    If  has two proportional rows (or columns), then det( ) 0.ì E E œ
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2.3 Properties of the Determinant Function



  •  det(5EÑ œ 5 ./>ÐEÑ8

• det det detÐEFÑ œ ÐEÑ ÐFÑ

 •  A square matrix is invertible iff det(E EÑ Á !Þ

  • det( )E œ" 1
det( )E

  •  linear system of the form    À E œ Í Ð EÑB B  B œ !- -I
which has a nontrivial solution iff det    (the  of )( I characteristic eqution- EÑ œ ! E
values for  are called  of and- eigenvalues E

    nontrivial solutions to system are called the  of  corresponding to eigenvectors E -

  •  Theorem. For the following are equivalent:8 ‚ 8 Eß
 (a)  is invertibleE
 (b)  E œB !
 (c)  rref( )E œ M8
 (d)   is expressible as a product of elementary matricesE
 (e)  is consistent for every vector E œB , ,
 (f)   has exactly one solution for every vector E œB , ,
 (h)  det ÐEÑ Á !

2.4  A Combinatorial Approach to Determinants

  • permutations, example   (1, 6, 3, 2, 5, 4)
  • number of inversions in a permutation
  • even/odd permutations
  • elementary product:   + + † † † +"4 † #4 † 84 †" # 8

  •  matrix has  elementary products8 ‚ 8 8x
  • signed elementary product „ + + † † † +"4 † #4 † 84" # 8

     use "+"  if permutation  is evenÐ4 ß 4 ß Þ Þ Þß 4 Ñ" # 8

     use " " if permutation  is odd Ð4 ß 4 ß Þ Þ Þß 4 Ñ" # 8

  • For a square matrix ,E
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