Chapter 2 Determinants
2.1 Determinants by Cofactor Expansion

o If Aisasquare matrix, then M;; (the minor of entry a;;) is defined to be the
determinant of the submatrix that remains after the ith row and jth column are deleted
from A. Furthermore, C;; (the cofactor of entry a,;) is given by C;; = ( — 1)/ M;;.

2 1 0
Example. If A = [ 4 -1 2] , then My, = 5(4) — (—3)(2) =26 and C2 = — 26.
-3 1 5

e Forn x n matrix A, det(4) = > a,,;C;; forany i from 1 through n
=1

(cofactor expansion along the ith row)
or
det(A) = > a;;C;; forany j from 1 through n
i=1

?

(cofactor expansion along the jth column)

Example. For A in the previous example, and using cofactor expansion along the first row, we
obtain
det(A) =2C1 +1C» + 0013
=2(—-7)+1(—26)+0
= —40

e For n x n matrix A, the adjoint of A is given by

CH 012 ot Cln
adj(A) = transpose 0:21 C:QQ o 0:2”

2 1 0
Example.For A= | 4 -1 2/,

-3 1 5

-7 —26 1
adj(A) = transpose -5 10 -—=5
2 -4 -6

-7 =5 2
=1 —-26 10 —4

1 -5 —6




e If A is an invertible matrix, then

AT = garpadi(A).

-7 =5 2
; ; -1 _ 1
Example. For A in previous example, A™" = — 5 —126 105 —;1

e The determinant of a triangular matrix is the product of the main diagonal entries.

-7 0 0
Example. If A= | —26 10 0 |,det(A) =(—7)(10)( —6) = 420.
1 -5 -6

e Cramer's Rule. If Az = b is a system of n linear equations in n unknowns such that
det(A) # 0, then the system has a unique solution given by

_ det(4) _det(Ay) __ det(4,)
T = det(Al) » T2 = det(AZ) 1o Tn = Tga)

where A; is the matrix obtained by replacing the entries in the jth column of A by the
entries in column vector b.

Example. Use Cramer's rule to solve the system 3r—2y =12
—rz+4y = 8.

L. 3 -2\ |z 12] . )
which is { 1 4 } [y] = { 3 } in matrix form.

3 -2 12 =2 3 12
Here,A:{_1 4}"41:{8 4},andA2:{_1 8]'
Finding determinants, we obtain det(A) = 10, det(A;) = 64, and det(A,) = 36 and thus

_ 64 — 36
r=J;andy = 3.



2.2 Evaluating Determinants by Row Reduction

e If A has arow (or column) of zeros, then det(A) = 0.

2 0 -1
-5 0 —3], thedet(A) =0.
0

Example. If A =
1 2

o det(A) = det(4”)
(since cofactor expansion along the first row of A is the same as cofactor
expansion along the first column of A”)

o If A isatriangular matrix, then det(A) = ay; a,,...an,.

Aj Ay
o det| kA, | = kdet| Ay |, ete.
Az Az

[ 2 2 4 1 1 2
Example. det | —5 1 —3| =2det| -5 1 -3/,

1 0 2 1 0 2
Az Ay
o det | Ay | = —det| A, |, etc
As As
1 1 2] 1 0 2
Example. det 5 1 - 3 = —det| -5 1 -3
0 1 1 2

Ay
o (et = det kAl + Az
Az
0

0o -1 0
Example. det | — 5 1 - 3 =det| -5 1 -3
1 1 2 1 1 2

e If A has two proportional rows (or columns), then det(A) = 0.

1 7=V

2.3 Properties of the Determinant Function
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» det(kA) = k"det(A)
* det(AB) = det(A)det(B)
» A square matrix A is invertible iff det(A) # 0.

* det(A™) = gm

* linear system of the form: Az =Xz & (M —-A)xz =0

which has a nontrivial solution iff det(A\l — A) = 0 (the characteristic eqution of A)
values for \ are called eigenvalues of A and

nontrivial solutions to system are called the eigenvectors of A corresponding to A

» Theorem. For n x n A, the following are equivalent:
(@) Ais invertible
(b) Az=0
(c) rref(A) =1,
(d) A isexpressible as a product of elementary matrices
(e) Ax = bis consistent for every vector b
(F) Ax = bhas exactly one solution for every vector b
(h) det(A) #0

2.4 A Combinatorial Approach to Determinants

* permutations, example (1,6, 3, 2,5, 4)
» number of inversions in a permutation
* even/odd permutations
* elementary product: ay; .as;,. - - - an;j .
* n X n matrix has n! elementary products
* signed elementary product + ay; .asj,. - - - ay;,

use "+" if permutation (j,, Jj,, - - ., Jj,) IS even

use " — " if permutation (j,, 75, - .., j,) IS 0dd
* For a square matrix A,

det(A) = > (all signed elementary products from A)

= Z j: aljl'asz' B a”jn

o |A] = det(A)

edet
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b c
e f | may obtained by cross — diagonal method
h i



