Economics 3510

Macroeconomic Theory and Policy

Problem Set #6

1. (The Accumulation of Capital)  In this exercise we use a Cobb-Douglas production function to introduce the Solow growth model.  You will need a calculator with a square-root key.

Consider the simple production function: 
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Dividing each side of the equation by L allows one to transform the production function as follows:
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where y = Y/L represents output per worker and k = K/L represents the amount of capital per worker.

	Capital per Worker      k
	Output per Worker      y = k1/2
	Consumption per Worker   c
	Investment per Worker i
	Depreciation per Worker (k
	Change in Capital per Worker (k

	0
	
	
	
	
	

	4
	
	
	
	
	

	12
	
	
	
	
	

	16
	
	
	
	
	

	20
	
	
	
	
	

	36
	
	
	
	
	


a. Using the above equation, complete column two of the table.

b. Plot and graph the data from columns 1 and 2 and label the curve f(k).  Be sure to label the axes and try to draw the graph to scale.  Note that the slope of this production function indicates how much extra output per worker is obtained from an extra unit of capital per worker.  This amount is called the __________.

c. Assume that output per worker is divided between consumption per worker c and investment per worker i: y = c + i.  Assume also that consumption per worker is a constant fraction of output per worker: c = (1-s)y, where s is the saving rate.  Given that s = 0.20, complete the third column of the table.

d. Combining the previous two equations from part c, we obtain: y = (1-s)y + i.  Use this equation to complete the fourth column of the table assuming that s = 0.20.  Plot and graph the data from columns 1 and 4 on the same set of axes you used to graph part b and label the curve sf(k).  

e. Although investment creates new capital per worker, part of the existing capital stock is used up or becomes obsolete each year as a result of depreciation.  Let ( represent the fraction of the capital stock that wears out each year.  Assuming that capital lasts for 20 years, ( = 1/20 = 0.05.  The amount of depreciation per worker will then equal the rate of depreciation multiplied by the amount of capital per worker, or (k.  Use this value of ( to complete the fifth column of the table.  Plot and graph the data from columns 1 and 5 on the same set of axes you used for parts b and d and label the curve (k.

f. The total change in the capital stock will be equal to the additions resulting from investment minus the amount worn out because of depreciation:
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Use this equation to complete the sixth column of the table.  

g. In the steady state, the amounts of capital per worker, output per worker, and consumption per worker remain constant from one year to the next.  The amount of capital per worker remains constant when (k = _____, which occurs when i = sf(k) = (k.  Locate this point on your graph and label it k*.  At the steady state level of capital per worker, k* = _____.  Consequently, output per worker, y* = _____, and consumption per worker, c* = _____.  When k > k*, investment is (greater than/less than) depreciation, so the amount of capital per worker (rises/falls) until it equals k*.  When k < k*, investment is (greater than/less than) depreciation, so the amount of capital per worker (rises/falls) until it equals k*.

h. We can also solve for k* algebraically.  In the steady state, (k = 0, so 0 = sf(k*) - (k*.  Substitute the production function and the values for s and ( and solve for k*.

2. (The Golden Rule Level of Capital)  In this exercise we use the production function and parameters from exercise 1 to derive and illustrate the conditions for the Golden Rule level of capital.  
One logical goal among policymakers might be to choose the steady-state capital stock with the highest level of consumption per worker, denoted k*gold.  Although the rate of depreciation ( is typically assumed to be exogenous, policymakers may be able to affect the saving rate s in order to change k*.  If only steady states are considered, recall that:
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In the steady state, (k = 0, so that investment equals depreciation and i = (k.  As in exercise 1, assume that Y = K1/2L1/2, so that y = f(k) = k1/2, where k = K/L and y = Y/L.  If k* merely denotes certain values of k, then f(k*) = (k*)1/2.  
	Capital per Worker           k*
	Output per Worker       f(k*) = k* 1/2
	Depreciation per Worker   (k*
	Consumption per Worker     c* = f(k*) - (k*
	Saving per Worker      sf(k*) = sk* 1/2

	0
	
	
	
	

	4
	
	
	
	

	16
	
	
	
	

	36
	
	
	
	

	64
	
	
	
	

	100
	
	
	
	

	121
	
	
	
	

	144
	
	
	
	


a. Assuming that capital lasts an average of 20 years so that ( = 0.05, complete columns 2 through 4 of the table.  

b.   Plot and graph the points in column 2 and label the curve f(k*).  Plot and graph the points in column 3 and label the curve (k*.  Plot and graph the points in column 4 and label the curve c*.  Be sure to label the horizontal axis k* and to sketch all three graphs on the same set of axes.  Note from you graph that consumption per worker c* is maximized when k* = __________.  Thus, the Golden Rule level of the capital stock per worker is k*gold = __________.  

c. At this level of k*gold, depreciation equals ( k*gold = __________ and output per worker f(k*gold) = (k*gold)1/2 = __________.  Since this is a steady state, (k = 0 and investment and saving must both equal depreciation.  Consequently: 
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      Substituting the values of k*gold, f(k*gold), and (, we find that the Golden Rule level of saving is s = __________.  Compared with the saving rate in exercise 1 of 0.20, policymakers would have to (increase/decrease) the saving rate in order to achieve the Golden Rule level of capital.

d. There is an alternative way to calculate k*gold.  Examining the graph, consumption per worker is equal to the difference between f(k*gold) and ( k*gold.  Consequently, c* will be maximized when this difference is maximized.  When k* increases by 1 unit, (k* increases by ( units.  When k* increases by 1 unit, f(k*) increases by MPK units, where MPK is the marginal product of capital.  At small values of k*, the slope of the f(k*) curve, which is equal to MPK, is obviously (greater/less) than the slope of the (k* curve.  Consequently, at small values of k*, c* (increases/decreases) as k* is increased.  At large values of k*, the slope of the f(k*) curve is (greater/less) than the slope of the (k* curve.  Consequently, for large values of k*, c* (increases/decreases) as k* is increased.  Starting again at a small value of k*, consumption per worker continues to increase as long as the slope of the f(k*) curve is (greater/less) than the slope of the (k* curve.  Consequently, c* reaches a maximum when the slopes of the two curves are equal.  This point occurs when MPK = (.  

e. Let us verify the preceding result that MPK = ( when k = k*gold.  MPK is defined as the change in output per worker when k increases by 1 unit.  When k = k*gold, y = (k*gold)1/2 = __________.  When k increases by 1 unit, y = (k*gold +1)1/2 = __________.  Thus, the MPK = __________, and the values of MPK and ( are close.  The small difference is the result of our taking a discrete (whole-unit) change in k.  

f. As you discovered in part c, the saving rate s that yielded the Golden Rule level of capital and consumption per worker in this model was s = __________.  Use this value of s to complete column 5 of the table and plot these points on the same set of axes you used for part b.  Label this curve sf(k*).  Note that at k*gold, saving per worker (which is equal to investment per worker) is (greater than/equal to/less than) the amount of depreciation per worker.  Thus, k*gold represents a steady-state level of the capital stock.           

3.   Assume that the rate of growth of population equals zero.  Suppose that there is a sudden increase in the rate at which capital depreciates.  The production function remains unchanged.  

a. On a graph, illustrate the effects of this change on the steady-state level of capital per worker if the saving rate remains unchanged.  

b. On a separate graph, illustrate the effect of this change on the Golden Rule level of capital per worker, and explain your answer.  

4.   Suppose that the production function is 
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 and capital lasts an average of 10 years, so that 10 percent of the capital stock wears out every year.  That is, ( = 1/10 = 0.10.  Assume that the rate of growth of population n is 4 percent, the rate of growth of technology g is 2 percent, and the saving rate s = 0.128.  

c. Derive the equation for output per effective worker y = Y/EL = f(k), where k equals the amount of capital per effective worker.  

d. Calculate the steady-state levels for each of the following: capital per effective worker, output per effective worker, consumption per effective worker, saving and investment per effective worker, and depreciation per effective worker.

e. Now calculate the steady-state growth rates of capital per worker (K/L), output per worker (Y/L), and consumption per worker (C/L).

f. Finally, calculate the steady-state growth rates of capital, output, and consumption.    
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