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1 The Setup

Our method finds a linear solution for the evolution of capital and the rules for consumption

and labor hours. They are of the form:

xt+1 = Fxt +Cεt+1

Xt = Hxt

∗Economics and Finance Department, Box 27, Middle Tennessee State University, Murfreesboro, TN
37132, Tel: 615-898-2383, Fax: 615-898-5596, email: sfowler@mtsu.edu.

1



where

xt =

 log(λt/λ̄)
log(kt/k̄)


Xt =

 log(ct/c̄)

log(nt/n̄)


Question 1: Show how to write log(yt/ȳ) as a function of xt.

Recall that log(yt) = log(λt) + α log(kt) + (1 − α) log(nt). Thus, the following must be

true: log(ȳ) = log(λ̄) + α log(k̄) + (1− α) log(n̄). Subtracting the two gives:

log(yt/ȳ) = log(λt/λ̄) + α log(kt/k̄) + (1− α) log(nt/n̄)

In matrices, the above can be written as:

log(yt/ȳ) = [1, α]xt + [0, (1− α)]Xt

Continuing gives:

log(yt/ȳ) = [1, α]xt + [0, (1− α)]Hxt

= [[1, α] + [0, (1− α)]H]xt

Question 2: Show how the augment Xt and H to include log(yt/ȳ).

Let

X<1>
t =


log(ct/c̄)

log(nt/n̄)

log(yt/ȳ)

 ,
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and

H<1>=

 H

[[1, α] + [0, (1− α)]H]

 .
Therefore, X<1>

t = H<1>xt is the model augmented with output.

Question 3: Show how to write log(it/ı̄) as a function of xt.

Notice that we have a problem since logged investment is still nonlinear:

log(it) = log
¡
elog(kt+1) + (1− δ)elog(kt)

¢
.

Linearizing around the steady states gives:

log(it) = log
³
elog(k̄) + (1− δ)elog(k̄)

´
+

k̄

k̄ + (1− δ)k̄
log(kt+1/k̄) +

(1− δ)k̄

k̄ + (1− δ)k̄
log(kt/k̄)

= log(̄ı) +
k̄

k̄ + (1− δ)k̄
log(kt+1/k̄) +

(1− δ)k̄

k̄ + (1− δ)k̄
log(kt/k̄)

Or, by subtracting log(̄ı):

log(it/ı̄) =
k̄

k̄ + (1− δ)k̄
log(kt+1/k̄) +

(1− δ)k̄

k̄ + (1− δ)k̄
log(kt/k̄)

Notice that we can write this in matrices as:

log(it/ı̄) = [0,
k̄

k̄ + (1− δ)k̄
]xt+1 + [0,

(1− δ)k̄

k̄ + (1− δ)k̄
]xt

Since xt+1 = Fxt +Cεt+1, we get

log(it/ı̄) = [0,
k̄

k̄ + (1− δ)k̄
][Fxt +Cεt+1] + [0,

(1− δ)k̄

k̄ + (1− δ)k̄
]xt
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Simplifying gives:

log(it/ı̄) =

·
[0,

k̄

k̄ + (1− δ)k̄
]F+ [0,

(1− δ)k̄

k̄ + (1− δ)k̄
]

¸
xt + [0,

k̄

k̄ + (1− δ)k̄
]Cεt+1

In our case, C =

 σ

0

, thus [0, k̄
k̄+(1−δ)k̄ ]

 σ

0

 = 0, therefore:

log(it/ı̄) =

·
[0,

k̄

k̄ + (1− δ)k̄
]F+ [0,

(1− δ)k̄

k̄ + (1− δ)k̄
]

¸
xt

Question 4: Show how the augment X<1>
t and H<1> to include log(it/ı̄).

Let

X<2>
t =

 X<1>
t

log(it/ı̄)

 ,
and

H<2>=

 H<1>

[0, k̄
k̄+(1−δ)k̄ ]F+ [0,

(1−δ)k̄
k̄+(1−δ)k̄ ]

 .
Therefore, X<2>

t = H<2>xt is the model augmented with investment.

2 Variances

What is the variance/covariance matrix ofX<2>
t ? Note thatX<2>

t = H<2>xt, thusX<2>
t X<2>0

t =

H<2>xtX
<2>0
t = H<2>xtx

0
tH

<2>0. Taking the expectations gives:

E[X<2>
t X<2>0

t ] = H<2>E[xtx
0
t]H

<2>0

Also note that E[xtx0t] is the variance/covariance matrix of the states defined by Γ(0) =

dlyap1(F,CC0). Thus, E[X<2>
t X<2>0

t ] = H<2>Γ(0)H<2>0. We can proceed to find the
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autocovariances by noting that X<2>
t+1 = H

<2>xt+1:

E[X<2>
t+1 X

<2>0
t ] = H<2>E[xt+1x

0
t]H

<2>0

= H<2>Γ(1)H<2>0

5


