JZsp02 The Chain Rulefor Derivatives.

THEOREM (Chain Rule for Derivatives). If the function k is a composition of two functions:
k(x) = fog(x) = f[g(x)],
then its derivative can be formed by
i. differentiating f with respect to g(x) and
ii. multiplying by g'(x):

i) = [fLg001] = fag01. g4
In differential notation:
d(fg()]) _ d(f[g(x)]) dg(x)
dx dg(x) =~ dx
PROOF. By the definition of the derivative,

Q) = lim k(x+h)- k(x) _ im flg(x + h)]- f[g(X)]

h h® 0 h
. C e 9(x+h) - g(x) : _
Since g¢x) = Ihlqgrcl)—h , we canwriteg(x+ h) as g(x+ h)=ggx)h+g(x) as h® 0

and so
) = lim 11900+ 940N flg(x)

h® 0 h
Multiplying numerator and denominator by g’(x) and renaming g’'(x)h = h,
o fI900 + g@x)h] - fg(x)]
ki) = lim S0 .94x)
Since g’ (x) isafinite number, g'(x)h = h,- Oash -0,
f h]- f
) = tim 22 O 450 g1, g4 ]

by definition, fq g(x)]

EXAMPLE: k(x) = ¥x* - 1isacomposition of the functions f(x) = v/x and 9(X)= x*- 1,
o) |ts denvatlve is formed by ignoring the complexities of the argument of f :

1 , - )
fax) = T so fqg(x)] = T\/Tl’ then differentiating g(x):

X
kq(x) = fqg(x)]. 9qx) = \/—1 ﬁ .

EXERCISES: Find the derivatives of the following functions with respect to the indicated variable:

1 f(x)= (<2~ 2x- 3)°. %: 5, j(t)zgetz?;g_ %z
2. g(t) = % % = 6. r(x)= 2", % =

3. p(s) = e % 7. h(t) = sin(v/t). %:
4. k(x) = xZ—iS %: 8. q(x) = e™™'x, %=



